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Exercise 4

Let C denote the positively oriented circle |z| = 2 and evaluate the integral

dz
t dz; b .
() /C' an=as (b) /Csinth

Ans. (a) —4mwi;  (b) — mi.

Solution
Part (a)
The singularities of the integrand,
sin z
tan z = ,
cos 2z

occur where the denominator is zero.
1
cosz=0 — z= 5(2n— Dr, n=0,+1,+2,...

The ones we care about are those that lie within the circle |z| = 2: z = —7/2 and z = 7/2.
According to Cauchy’s residue theorem, the closed loop integral over this circle is equal to 273
times the sum of the residues inside it.

?ﬁ tanzdz = 2772'( Res tanz+ Res tan z)
C z=—m/2 z=m/2

The residues at z = £7/2 can be calculated by

Res tanz = Res SmE p(j:7r/2)’
z=m/2 z=tr/2c082z  q(xm/2)

where p(z) is set to be the function in the numerator and ¢(z) is set to be the function in the
denominator.

p(z) =sinz = D (:l:g) = sin (:l:g) =+l

q(z) = cosz — q(z) = —sinz = q <:I:g> = —sin (:I:g) =F1

-1 1
§l§ tan z dz = 27t < + >
C 1 -1

= 27i(—2).

So then

Therefore,

§1§ tan z dz = —4mi.
C
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Part (b)
The singularities of the integrand,
1
sinh 2z’
occur where the denominator is zero.
sinh2z =0
—isin2iz =0
2iz=nm — z= —%, n=0,4+1,+£2, ...

The ones we care about are those that lie within the circle |z| =2: 2 =0, z = —in/2, and

z = im/2. According to Cauchy’s residue theorem, the closed loop integral over this circle is equal
to 2mi times the sum of the residues inside it.

dz 1 1
=2mi | R Ri Res ——
§£C sinh 2z m <z_?7sr/2 sinh 2z * -0 sinh 22 * z:i?rS/Z sinh 2,2)

The residues at z = £im/2 and z = 0 can be calculated by

—

+in/2)
+ir/2)
0)
)’
where p(z) is set to be the function in the numerator and ¢(z) is set to be the function in the
denominator.

p(z) =1 - p<ii> -

1
Res S
z==im/2 sinh 2z q

1
E{:eg sinh2z  ¢(

—~ o~

(=)

p(0) =
(:l:m) = 2cosh(+in) = 2cosm = —2

q(z) =sinh2z — ¢'(2) =2cosh2z = 2
q'(0) = 2cosh0 =2
So then
?g dz o 1 +1+ 1
=2mi| —+ -+ —
¢ sinh 2z -2 2 =2
1
=omi—=]).
wi(~3)
Therefore,

75 dz C
o sinh2z i
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